Trigonometry 


Trigonometry 


When writing about transcendental issues, be transcendentally clear....... Descartes, Rene 


The word ‘trigonometry’ is derived from the Greek words 'trigon' and ' metron' and it means ‘measuring the sides 
and angles of a triangle’. 


Angle : 
Angle is a measure of rotation of a given ray about its initial point. The original ray is called the initial 
side and the final position of the ray after rotation is called the terminal side of the angle. The point of 
rotation is called the vertex. If the direction of rotation is anticlockwise, the angle is said to be positive 
and if the direction of rotation is clockwise, then the angle is negative. 


B 
oe Vertex O Initial Side A 
avo 
<r la, 
Menten? initial Side A 3 
(i) Positive angle (ii) Negative angle 
(anticlockwise measurement) (clockwise measurement) 
Systems For Measurement of Angles : 
An angle can be measured in the following systems. 
One complete rotation is equal to 360 degree = 400 grade = 2 x radian 
Relation between radian, degree and grade : 
To Sexagesimal System Centesimal System (French | Circular System 
(British system) system) (Radian Measurement) 
From 
Sexagesimal 400 P 1 
System 1 degree = 360 grade 1 degree (1°) = jo 


(British system) 
1 

1min(1’)= degree (1°=60’ 
(1’) 50 7°9 ( ) 


1 sec(1’’) = ein (1’ = 60") 


Centesimal ; F 360 ; 
System (French caer, ala a 

system) 

Circular System 

(Radian . 1 radian = St degree 1 radian = = grade 
Measurement) 


1 degree = 60 min (1°=60’) | 1 grade=100 min(19 = 100’) 
1 min = 60 sec (1’ = 60”) 1 min = 100 sec(1' =100") 
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Note : 


# The minutes and seconds in the Sexagesimal system are different with the minutes and 
seconds respectively in the Centesimal System. Symbols in both systems are also different. 
# If no symbol is mentioned while showing measurement of angle, then it is considered to be 
measured in radians. 
e.g. 6=15 implies 15 radian B 
é 
Arc length AB = ¢ = ré 0k 
Area of circular sector -5 0 sq. units ‘ re 


Trigonometric Ratios for Acute Angles : 


Let a revolving ray OP starts from OA and revolves into the position OP, thus tracing out the angle 
AOP. 


In the revolving ray take any point P and draw PM perpendicular to the initial ray OA. 
In the right angle triangle MOP, OP is the hypotenuse, PM is the perpendicular, and OM is the base. 


The trigonometrical ratios, or functions, of the angle AOP are defined as follows : 


sin( ZAOP) cos(ZAOP) tan(ZAOP) cot(ZAOP) sec(ZAOP) cosec(ZAOP) 
Perp _ MP Base _ OM Perp _ MP Base OM Hyp _ OP Hyp _ OP 
Hyp OP Hyp OP Base OM Perp MP Base OM Prep MP 


It can be noted that the trigonometrical ratios are all real numbers. 


Trigonometric ratios for angle 8 <« R: 


/\ 


We will now extend the definition of trigonometric ratios to any angle in terms of radian measure and 
study them as trigonometric functions. (also called circular functions) Consider a unit circle (radius 1 
unit) with centre at origin of the coordinate axes. Let at origin of the coordinate axes. Let P(a, b) be any 
point on the circle with angle AOP = x radian, i.e., length of arc AP = x We define 
cos X = a and sin x = b Since A OMP is a right triangle, we have OM? + MP? = OP? or a? + b? =1 Thus, 
for every point on the unit circle, we have a? +b? = 1 or cos®x + sin? x = 1 


Since one complete revolution subtends an angle of 2x radian at the centre of the circle, 7 AOB => ; 


Z AOC =zand ZAOD = > . All angles which are integral multiples of a are called quadrantal angles. 


The coordinates of the points A, B, C and D are, respectively, (1, 0), (0, 1), (-1, 0) and (0, —1). 
Therefore, for quadrantal angles, we have 
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cos 0 = 1 sin 0 =0, 
cos ho 6 sin = =1 
2 2 
cos n=—1 sin xz =0 
Gos 2 6 im” =—1 
2 2 
cos 2n = 1 sin 2x = 0 


Now if we take one complete revolution from the position OP, we again come back to same position 
OP. Thus, we also observe that if x increases (or decreases) by any integral multiple of 2x , the values 
of sine and cosine functions do not change. Thus, sin (2nz + x) = sin x ,n e€ Z, cos (2nm + x) = COS x, 
n e Z. Further, sinx = 0, ifx=0,+t2,+2n,+37...... , .e@., when x is an integral multiple of x and 
cosx=0,ifx=+ ait ot 5am 

2 2 2 


, «+.1-€., COS X vanishes when x is an odd multiple of >" Thus sin x = 


0 implies x = nz , where n is any integer cos x = 0 implies x = (2n + 1) 5 where n is any integer. 
We now define other trigonometric functions in terms of sine and cosine functions : 


1 : . 
cosec X = —— _ ,X#Nnz, where n is any integer. 
sinx 


SEC X wae ,X #(2n+ 1) — , where nis any integer. 
COS X 


= 
2 


tan x = wt ,X #(2n +1) z , where n is any integer. 
cOsx 2 
COS X ; 
cot xX = —— ,x#Nz7, where nis any integer. 
sin x 
We have shown that for all real x, sin?x + cos®x = 1 
It follows that 1+ tan?x = sec?x (Think ! ) {x # (2n + 1) . ;neZ} 
1 + cot?x = cosec’x (Think !) {x#znn; ne Z} 
Sign of The Trigonometric Functions 
(i) If 8 is in the first quadrant then P(a, b) lies in the first quadrant. Therefore a > 0, b > 0 


and hence the values of all the trigonometric functions are positive. 


(ii) If 6 is in the II quadrant then P(a, b) lies in the II quadrant. Thereforea<0, b> 0 and 
hence the values sin, cosec are positive and the remaining are negative. 


(iti) If 8 is in the III quadrant then P(a, b) lies in the HI quadrant. Therefore a < 0, b < 0 and 
hence the values of tan, cot are positive and the remaining are negative. 


(iv) If 8 is in the IV quadrant then P(a, b) lies in the IV quadrant. Therefore a > 0, b < 0 and 
hence the values of cos, sec are positive and the remaining are negative. 


sind | cos@ | tanO | cot@ | secO | cosecé 
Ist Quadrant + + + + + * 
I"? Quadrant + - = - = + 
I"? Quadrant - - + + - - 
IV‘ Quadrant - + - = + _ 
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Trigonometry 


Values of trigonometric functions of certain popular angles are shown in the following table : 


0 x x x x 
6 4 3 2 
an [o-0 jie | 4 = feet 
4 4 2\V4 Jo|V4 2 |V4 
V3 1 1 
1 ae —_ = 0 
cos 5 ie 5 
1 
tan 0 = 1 V3 ND. 
V3 


N.D. implies not defined 


The values of cosec x, sec x and cot x are the reciprocal of the values of sin x, cosx and tan x, 


respectively. 


Trigonometric Ratios of allied angles 


If 8 is any angle, then — 0, 


31 


- +0,7+0, io +0, 2x + 0 etc. are called allied angles. 


7 = 2n — 2 
9 T 6 m6 n-0 m+0 3m _9 | 3% 19 m—@ n+0 
2 2 2 2 
sin —sin 0 cos 8 sin 8 sin 8 —sin 0 —cos 0 —cos 0 —sin 0 sind 
cos cos 0 sin®@ —cos 0 —cos 0 —cos 0 —sin 0 sin 0 cos 0 cosé 
tan —tan 0 cot 8 —tan 0 —tan 0 tan 0 cot 0 —cot 0 —tan 0 tanoe 
cot —cot 0 tan 0 —cot 0 —cot 0 cot 0 tan 0 —tan 0 —cot 0 cote 
sec sec 0 cosec 0 —secd —sec 0 -—sec@ | -—cosecé@ | cosec 0 sec 0 secoé 
cosec —cosecd seco cosecdé cosecé | —cosecé —secd —secd —cosecd cosecdé 
Think, and fill up the blank blocks in following table. 
Tt Tt Tt Tt an | 5S 7x | 4x | 3x | Sn | 112 
0 Tt Qn 
6 4 3 2 3 6 6 3 2 3 6 
2 | /2| 2 
cos 1 v3 = 1 0 
2 |/j2/| 2 
1 
fan.| Oo) | 4.1.93 | NG, 
V3 


/\ 
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Trigonometric functions : 


Domain Range 
y = sinx R [-1, 1] 
y=cosx |R [-1, 1] 


> xX 


y = tanx R- 


y = cotx R—{nz, nel} 


y=secx | R- 
{ened nel} 


y=cosecx | R —{nz, n e€ I} 
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Trigonometric functions of sum or difference of two angles: 


) cos (A+B) =cosA cosB +F sinA sinB 

) sin?A — sin?B = cos?B — cos?A = sin (A+B). sin (A— B) 

) cos?A — sin?B = cos?B — sin?A = cos (A+B). cos (A- B) 

tan A + tan B cot A cot B F+ 1 

tan (A +B) = f) cot (A+B) = 

) ( Oe 4a Ate B 0 ( ) cot B + cot A 

(g) sin (A +B+C)=sin Acos Bcos C+sin Bcos Acos C+ sin Ccos Acos B-sinAsinBsinC 

(h) cos (A +B+C)=cosAcos Bcos C -cosAsinB sin C—sin Acos Bsin C—sin Asin Bcos C 

(i) tan (A+B +C)= tan A + tan B + tanC-—tan A tan B tan C 


1 — tan A tan B — tan B tan C-— tan C tan A’ 


. S;—$3 +S, -.... 
(j) tan (0, + 0, + 0, +... + 6,) = i8, +8, seaivent 


where S, denotes sum of product of tangent of angles taken i at a time 


Example # 1: Prove that 
(i) sin (45° + A) cos (45° — B) + cos (45° + A) sin (45° — B) = cos (A- B) 


(i) tan [E40] tan (+0) - 
4 4 


Solution : (i) Clearly sin (45° + A) cos (45° — B) + cos (45° + A) sin (45° — B) 
= sin (45° + A + 45°-—B) =sin (90° + A—B) =cos (A- B) 


Gi: tare | ee tan: (ees ee ee 8 
4 4 1-tano 1+tanoe 


Self practice problems : 


(1) If cos a = aa ,SINB = = then find cos (a + B) (2) Find the value of cos 375° 
A A 
(3) Prove that 1 + tan A tan oF tan A cot 3 -—1=secA 
Answers: (1) 26V2 +4 (2) v3 +1 
15 2,/2 
Transformation formulae : 
; ; . C+D C-D 
(i) sin(A+B) + sin(A — B) = 2 sinA cosB (a) sinC + sinD = 2 sin 5 cos 5 
(ii) sin(A+B) — sin(A — B) = 2 cosA sinB (b) sinC — sinD = 2 cos Sane sin a 5 zs 
(iti) cos(A+B) + cos(A — B) = 2 cosA cosB (c) cosC + cosD= 2 cos c > zi cos G 5 z 
(iv) cos(A — B) — cos(A+B) = 2 sinA sinB (d) cosC-—cosD = 2 sin . > p sin wz = 
15A A 
Example #2: Prove that cos7A + cos8A = 2cos ss cos mI 
Solution : L.H.S. cos7A + cos8A = 2cos (SS) cos( 2 
[- cos C+ cos D = 2 cos cxe cos <° ] 


Example #3: Find the value of 2sin30 sin6 — cos20 + cos40 
Solution : 2sin30 sin — cos28 + cos46 = 2 sin 30 sin 6 — 2sin30 sind = 0 
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Example #4: Prove that 
(i) Sue ieee wha OH 
cos20cos 6 — sin30sin40 
(ii) If A+ B = 45° then prove that (1 + tanA) (1 + tanB) =2 
2sin80cos0—2sin60cos30_ sin90+sin70—sin90—sin30 _2sin20cos50 
2cos20cos@—2sin30sin40 cos30+cos@—cos0+cos7@ 2cos50cos20 


(i)  A+B=452 


= tan 20 


Solution : (i) 


tanA+tanB _ 

1—tanAtanB 

tanA + tanB = 1 —tanA tanB > tanA + tanB + tanA tanB + 1=2 
(1 + tanA) (1 + tanB) = 2 


tan (A + B) =1 


Self practice problems 


(4) Prove that 


(i) cos 8x — cos 5x =—2sin us sin noe 
2 2 
fly,  _ ERSEOS SD anda 
sinA—sin3A 
(ii sin2A+sin4A+sin6A+sin8A = tan 5A 


cos2A+cos4A +cos6A +cos8A 
sinA+2sin3A+sin5A sin3sA 
sin3A+2sin5A+sin7A z sin5A 
sinA-—sin5A+sin9A —sin13A 


(iv) 


(Vv) = cot 4A 
cosA —cos5A —cos9A +cos13A 
(5) Prove that sin sin Te + sin 2e sin = = sin 20 sin 50 
2 2 2 2 
(6) Prove that cos A sin (B —C) + cos B sin (C — A) + cos C sin (A—B) = 0 
(7) Prove that 2cos — cos cd + COS ae + COS OF =0 
13 13 13 13 


Multiple and sub-multiple angles : 


(a) sin 2A = 2 sinA cosA Note : sin6 = 2 sin 5 008 set 
(b) cos 2A = cos?A - sin?A = 2cos?A-1=1-2sin?A 
Note : 2 cos? 5 = 1 + c0s0, 2 sin? 5a 1-080. 
2 tan 2 

(c) tan 2A = ela Note : tan@ = ————_4_ 

1 -— tan“A 1 - tan “3 

= 2 

sneha, cose 

1+ tan“A 1+tan“A 


(e) sin 3A = 3 sinA- 4 sin°A 

(f) cos 3A = 4 cos*A —- 3 cosA 

3 tan A — tan?A 
1 — 3 tan?A 


(g) tan 3A = 
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Example #5: Prove that 
sin2A 


(i) ——— =tanA (ii) tanA+cotA=2cosec2A 
1+cos2A 
ts 1—cosA +cosB —cos(A +B) A B 
(iii) = tan cot 
1+cos A —cosB —cos(A +B) 2 2 
Solution : (i) ee SER, SASS ek 
1+cos2A 2cos* A 
2 2 
i, DS. eA cote ag | eS) 2. acca n 
tanA 2tanA sin2A 


2sin? 2 +2sin Bein 7 +B 
1—cosA +cosB —cos(A +B) 2 2 2 


of Eee A B A+B) ,. oA ,..A. (A .\ 
+cosA-—cosB-—cos(A+ 
( ) 9008? 2608 cos| 248 
2 2 2 

A fA ._ A+B B 
sin—+sin| —+B 2sin cos| — 

A 2 2 A 2 2 A 

= tan = tan = tan — cot— 

A A 2 _A+B../(B 2 
cos—-—cos|} —+B 2sin sin| — 
2 2 2 2 


Self practice problems 

sin40+sin20  — 2tand 

1+cos40+cos20 1-tan?6 
Toe OM OM oo im 


(9) Prove that sin sin sin sin 7 
18 18 18 18 16 


(8) Prove that 


(10) Prove that tan 3A tan 2A tan A = tan 3A —tan 2A-tanA 


(11) Prove that tan [4544 ) =secA+tanA 


Important trigonometric ratios of standard angles : 


(a) sinnxz=0 ; cos nz=(-1)" ; tannx=0, where ne I 


T (a1 


b sin 15° or sin — = 
(b) ao 


cos 15° or cos — _ N38 +4 


a 2/2 


tan 15° = v8 = | _ 2.8 =cot 76°; tan75° - 3 +1 = 24/3 =cot 15° 


[3 44 3 =4 
v5 -1 
4 


= cos 75° or cos an : 
12 


= sin 75° or sin ku ; 
12 


(c) sin 7 or sin 18° = = cos 72° 


cos 36° or cos 5" = i = sin 54° 
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Conditional identities: 


lf A+B+Ce=n then: 
(i) sin2A + sin2B + sin2C = 4 sinA sinB sinC 


(ii) sinA + sinB + sinC = 4 cos + cos 5008S 


(iii) cos 2A+cos2B+cos2C =—1-4cosAcos Bcos C 
(iv) cosA+cosB+cosC=1+4sin sin : sinc 


(v) tanA + tanB + tanC = tanA tanB tanC 


(vi) tan tan B + tan B tan S + tan e tan a 
2 2 2 2 2 
(vii) cot eter” + cot . = cot ae cot © 

2 2 2 2 2 2 


(vill) cot AcotB+cotBcotC+cotCcotA=1 


Example #6: IfA+B+C = 90°, Prove that, tan A tan B + tan BtanC + tanC tanA=1 


Solution : A+B=902-C 
tanA + tanB nore 
1—tanAtanB _ 
tan A tan B + tan B tan C + tan C tan A = 1 
Example #7: If x+y+z= xyz, Prove that am + a + = = =, a, = 
x 1-y 1-z 1-x 1-y 1-z 
Solution : Put x =tanA, y=tanB and z = tanC, 


so that we have 
tanA + tanB + tanC = tanA tanB tanC => A+B+C=nz, where ne I 


Hence L.H.S. 
2x 2y 2z 2tanA 2tanB 2tanC 
ed a 2 ~ ried ras 2n 
1-x 1-y 1-z 1-tan“°A 1-tan*B- 1-tan°C 
= tan2A + tan2B + tan2C [. A+B+Ce=nr] 
= tan2A tan2B tan2C = x ey ae 


x tay? 1-27 


Self practice problem 


(12) If A+B+C = 180°, prove that 
B-C C-A A-B 


(i) sin(B + 2C) + sin(C + 2A) + sin(A + 2B) = 4sin 5 sin 5 sin 5 
. sin2A + sin2B + sin2C _ A, B,C 
(ii) : =8sin —sin —sin—. 

sinA +sinB +sinC 2 2 2 


(13) lf A+B+C = 2S, prove that 
(i) sin(S — A) sin(S — B) + sinS sin (S — C) = sinA sinB. 


(ii) sin(S — A) + sin (S — B) + sin(S — C) —sin S = 4sin as sin B sin & : 


2 2 2 
Sine and Cosine series: 
. sin NP ; n—1 
(i) sina + sin(a +B) +sin(a + 2B) +......4+sin{a + (n-1) Bl = sin( 0 + p| 
sin 2 
in 3B n- 1 
(ii) COS a + COS (a + B) + COS(a + 28) +....+ COS {a + (N—-1) B}= — 5 cos ime 5| 
sin5 
2 


/\ 


where : 8B #2mz,mel 
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Example #8: (i) Prove that sind + sin30 + sin50 + .... + sin(2n-1)@ = a 
sin 
(ii) Find the average of sin2°, sin4°, sin6®, ...... , sin180° 
is T 31 51 70 On 1 
(iti) Prove that cos — + cos + COS + COS + COS— = — 
11 11 11 11 11. 2 
20\_. (8+(2n—1)0 
aga 2 ik 2 sin* nod 
Solution : (i) sin6 + sin36 + sin56 + .... + sin(2n—1)0 = =— 
(2) sind 
sin) — 
2 
(i) _ sin2®+sin4®+....+sin180° _ sin90°(sin91°) _ cos1® _ cott® 
90 90 sin1° 90sin1° 90 
cos 108 in Be in an 
(iii) cos 7 + COS ae + COS ae + COS the + COS on - 22 hi Ll 2 ; 
11 11 11 11 ae an 
Self practice problem 
Find sum of the following series : 
(14) cos ——+ cos au + COS sik Fores up to n terms. 


an+1 an+1 an+1 


(15) sin2a + sin3a + sin4a + ..... + sin no, where (n + 2)o = 2a 


Answers : (14) -+ (15) 0. 


Product series of cosine angles 


cos 8. cos 20. cos2’0 . cos2°80 ...... cos2"™'6 = 


Range of trigonometric expression: 


E=asin0 +bcos0 
> E =a? +b? 2 sing + — 2 cost 
Va? +b? Ja? +b? 


: a 
=sina & —  =cosa 


b 
Ja? +b? Ja? +b? 
Ja? + b* sin (0 + a), where tan a ae 
a 


Hence for any real value of 0, 


ar ge b < EB = wa’ +b 


Let 
E — 


=> 


Example #9: (i) If a+ B = 90° then find the maximum value of sina sinB 
(ii) Find maximum and minimum value of 1 + 2sinx + 3cos?x 
Solution : (i) sina sin(90°-— a) =sinacosa = ; x sin2a 


: 1 
maximum value = 5 
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, 2 
(ii) 1 + 2sinx + 3cos2x = — 3sin2x + 2sinx + 4=- 3{ sin x -25%) +4=-3 sinx - | oe 


3 
2 2 
Now O< sinx-_ ee > - 16.3 gisele <0 
3 9 9 3 
2 
—1<-3|sinx | + ue ane 
3 3 3 


Self practice problems 


(16) Find maximum and minimum values of following 
(i) 3 + (sinx — 2)? 


(ii) 9cosx + 48sinx cosx — 5sin?x — 2 
(ii) = 2sin [0 + 4 +3 cos [0 = 4 
6 6 
Answers : (i) max = 12, min = 4. (ii) max = 25, min = —25 


(iii) = max= J13,min=- 13 


Trigonometric Equation : 


An equation involving one or more trigonometric ratios of an unknown angle is called a trigonometric 
equation. 


Solution of Trigonometric Equation : 


/\ 


A solution of trigonometric equation is the value of the unknown angle that satisfies the equation. 


. . 1 an Sn On I1n 
e.g. if sin@ =—— 0= ; : ; 
7 = 4° 4 


J2 4° 4 
Thus, the trigonometric equation may have infinite number of solutions (because of their periodic 
nature) and can be classified as : 
(i) Principal solution (ii) General solution. 


Principal solutions : 
The solutions of a trigonometric equation which lie in the interval [0, 27) are called Principal solutions. 


e.g. Find the Principal solutions of the equation sinx = 7 
on as 
6 6 
0 
Solution : 
: 1 
sinx =— 
2 
there exists two values 
i.e. = and = which lie in [0, 2x) and whose sine is ; 
Principal solutions of the equation sinx = sare == 


General Solution : 


The expression involving an integer 'n' which gives all solutions of a trigonometric equation is called 
General solution. General solution of some standard trigonometric equations are given below. 
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General Solution of Some Standard Trigonometric Equations : 


(i) If sin@ = sina 


(ii) If cos@ = cosa 


(iii) If tan@ = tana 


(iv) If sin? 6 = sin? a 
(v) If cos? 6 = cos? a 
(vi) If tan? 6 = tan? a 


Some Important deductions : 


>0=n7+(-1)"a 
>6=2nnta 
>O=nnr+a 


>O0=nnta,nel. 
>O=nrnta,nel. 


>O0=nrnta, nel. 


where a e| 2, zl. nel. 


where a é [0, x], nel. 


where a e{ -= 3). nel. 


[Note: a is called the principal angle ] 


(i) sind = 0 > 0 =n, nel 
(ii) — sind=1 => ) (4n+1) Snel 
(iii)  sind=—1 => 0 (4n—1) 5, nel 
(iv)  cos0=0 > ) (Qn+1) 5, nel 
(v) cos6 = 1 > 6 = 2nz,n eI 
(vi) cos8 =— 1 > 0 = (2n + 1) nel 
(vii) tand = 0 > = Nn, nel 
Example #10: Solve cos 6@= ; 
; 1 T T 
Solution : cos 0= — > cos0 = cos — 0=2nn+ —,nel 
2 3 3 
Example # 11 : Solve : sec 20 = os 
Solution : sec 20 = — — — cos26 = — a 
52 51 
> cos20 = cos — — 20=2nn+— ,nel = 86=nr+ —,nel 
6 6 
Example # 12: Solve tané = : 
: 3 ; 
Solution : tan = = atte (i) 
4 
3 
Let Fa tana > tan6 = tana 
= = nasa, where a =tan-(2),n-1 
Self Practice Problems : 
olve cote =—- olve cos a 
(17) — Sol to 1 (18) — Sol 40 v3 
Answers: (17) O=nn—-=,nel (18) 4 nel 
4 2 24 


IN Resonsence”® 


Educating for better tomorrow ADVTRI- 12 


Toll Free : 1800 258 5555 | CIN : U80302RJ2007PLC024029 


Example # 13: Solve _tan’0 = 1 
Solution : oe tan20 = 1 = tan20 = (1)? 


— tanto = ane? => O=nnt7 nel 


Example #14: Solve 4sec?0 = 5 + tan0 
Solution : = 4sec9@=54+tan?O  haetteeeetees (i) 
For equation (i) to be defined 6 # (2n + 1) a nel 
equation (i) can be written as: 
4(1 + tan’0) = 5 + tan?0 


Stan?0 = 1 
tan26 = tan?x/6 


O=nnt= ,nel 
6 


Self Practice Problems : 


tan3x—tan2x _ 
1+tan3x tan2x — 


(19) Solve (20) Solve 2cos*x +sin?2x =2 


Answers : (19) no Solution (20) no,nel or na i snel 
Types of Trigonometric Equations : 
Type -1 

Trigonometric equations which can be solved by use of factorization. 


3X X 
sin? = —cos? — 
2 


Example # 15: 2s 
2+sinx 3 
i aeeet sin% cos *)| sin’ X.-c0s° * +sincos *) 
Solution : si py pu p) _ COSX _, ( 2 2 2 2 2 2) CcOSsx 
; 2+sinx 3 2+sinx 3 
sin* —cos~ (2+sinx) 
2 2 COS X . xX x 2X _. oX 
- - => 3) sin—-—cos— |-—2| cos“ —-—sin* — |=0 
2(2+sinx) 3 2 2 2 2 
sin~ —cos~ 34 2sin~ +2cos~ =0> sin~ = cos~ => tanx =1 
2 2 2 2 2 2 2 
xX enn+= nel = x=2nn+Z nel 
2 4 2 
Self Practice Problems : 
(21) Solve cos®x + cos?x — 4cos? on 0 (22) Solve tan?0 + 3secO +3 =0 
Answers : (21) (2n+1)z,nel 


(22) anne n el or (2n+1)zt,nel 
Type -2 


Trigonometric equations which can be solved by reducing them in quadratic equations. 
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Example # 16 : Solve sin®x — — -4 
Solution : sie ee 1 
4 4 


4(1 — cos*x) — cosx = 1 
4cos*x + cosx -3=0 
(cosx + 1) (4cosx —3) = 0 


3 
cosx = — 1 ; cosx = — 
4 


X = (2n+1)a ‘ X = (2mm+a) where o = cos" , m,nel 


Self Practice Problems : 
(23) Solve 4sin20 + 2sino (V3 -1)-v3 =0 
(24) Solve 4cos0 — 3secé = tand 
Answers : (23) = nm +(-1)r a nel or nx + (1) (=) wnel 


(24) ne+(-1)"a wherea=sin" (5), nel 
anf), ne I 


or nz + (-1)"B where B = sin 


Type -3 


Trigonometric equations which can be solved by transforming a sum or difference of trigonometric 
ratios into their product. 


Example #17: Solve cosx + cos3x — 2cos2x = 0 
Solution : cOsx + cos3x — 2cos2x = 0 

2c0s2x cosx — 2cos2x = 0 

2cos2x (cosx—1) = 0 

cos2x = 0, cosx = 1 


X = (2n+ 1), xX =2mn ,sm,nel 


rola 


Self Practice Problems : 


(25) Solve  sin70 = sin30 + sin® (26) Solve 1+ cos3x = 2cos 2x 
(27) Solve 8cosx cos 2x cos4x = SInGx 
sinx 
nx nt, 

Answers : 25 —,nel or —+—,nel 

oo “aan eas eau 

(26) not~,nel or 2nn, nel (27) he hel 

6 7 14 


Type - 4 


Trigonometric equations which can be solved by transforming a product of trigonometric ratios into their 
sum or difference. 
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Example #18: Solve sec40-sec20 =2 
1 1 


cos46 cos20 
cos20 — cos40 = 2 cos40 cos20 
cos20 — cos40 = cos60 + cos20 
cos60 + cos46 = 0 
2cos50 cosé = 0 
cos50 = 0 or cos = 0 


50 = (2n + 1) 


Solution : 


pla 


Type -5 
Trigonometric Equations of the form a sinx + b cosx = c, where a, b, c € R, can be solved by dividing 


both sides of the equation by Ja? +b? . 


Example#19: Solve sinx + 2cosx = V5 

Solution : sinx+2cosx= (50 hteeees (i) 
Here a=1,b=2. 
divide both sides of equation (i) by V5 , we get 


: 1 1 oe 
sinx . —=+ 2cosx. —==1 > sinx.sina + COSX.cOSa@ = 1 => cos (x—a)= 1 
5 V5 
> X-qa=2nr,nel => X=2nnr+a,nel 


Solution of given equation is 2nn+a,nel wherea=tan' (5) 


Note: Trigonometric equation of the form asinx +b cosx=c can also be solved by changing sinx and cosx 
into their corresponding tangent of half the angle. 


Example#20: Solve 3cosx + 4sinx = 5 


Solution : 2 Scosx+4sinx=5 0 2 hanes (i) 
1—tan? * 2tan~ 
COSX = —_—= & sinx = 7 
1+ tan? = 1+tan* 
equation (i) becomes 
1—tan? * 2tan~ 
> 3 —_—2 +4 —£- S25, tas (ii) 
1+tan* > 1+4an?— 


Let tan ae t 


2 
equation (ii) becomes 3 
i " E =| +4{ ve) 
=> 4t?-4t+1=0 > (2t 
=> po! ant 
2 2 
> tan ~ at => tan = =tana, where tana= el 
2 2 2 2 
— san +a = X=2nn +20 + mwas la) net 
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Self Practice Problems : 
(28) Solve 2/2 cosx + sinx = 3 


(29) Solve sinx + tan 5 =0 


Answers : (28) 2nx+a,nel where a=tan"' 5] 
2/2 


(29) X=2nr,nel 
Type -6 


Trigonometric equations of the form P(sinx + cosx, sinx cosx) = 0, where p(y, Z) is a polynomial, can be 
solved by using the substitution sinx + cosx = t. 


Example#21: Solve  sin2x + 3sinx = 1 + 3 cosx 


Solution : sin2x + 3sinx = 1 + 3 cosx 

sin2x + 3(sinx—cosx)=1 hee (i) 
Let sinx — cosx = t 
> sin®x + cos®x — 2 sinx.cosx = t? > sin2x = 1- t? 
Now put sinx—cosx=t and sin2x = 1- t?in (i) 

1-14 3t=1 

—3t=0 
t =0 or t=3 (not possible) 


sinx — Ccosx = 0 
Tl 
tanx = 1 => Aenea , nel 


Self Practice Problems: 
(30) Solve 1-—sin2x+2sinx-—2cosx=0 (31) Solve 2cosx + 2sinx + sin3x — cos3x = 0 


(32) Solve (1 -—sin2x) (cosx — sinx) = 1 — 2sin?x. 


Answers: (30) na+—,nel (31) nx—-= or LaLa a yy enel 
4 4 = 
(32) ann+ > nel or 2nn,nel or a 


Type - 7 


Trigonometric equations which can be solved by the use of boundness of the trigonometric ratios 
sinx and cosx. 


Example#22: Solve  sin2x + cos4x = 2 
Solution : sin2x + cos4x = 2 


Now equation will be true if sin2x=1 and cos4x = 1 


= 2x=(4n+1) 5, nel and 4x =2mn, mel 
>x=(4n+1) nel and x= mets(4ne+1)2 = ™ alll 
4 2 4 2 2 
Which is not possible for m,n € I 
Self Practice Problems : 

(33) Solve cos®°x — sin®°x = 1 

(34) Solve 12 sin x + 5cosx = 2y?— 8y + 21 forx&y 

Answers : (33) nz, n eI (34) X=2nn +a where a= cos-( 3) ,nely=2 
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IMPORTANT POINTS : 


1. 


Many trigonometrical equations can be solved by different methods. The form of solution obtained in 
different methods may be different. From these different forms of solutions, the students should not 
think that the answer obtained by one method are wrong and those obtained by another method are 
correct. The solutions obtained by different methods may be shown to be equivalent by some 
supplementary transformations. 


To test the equivalence of two solutions obtained from two methods, the simplest way is to put values 


Shida —2,-1,0, 1, 2, 3....... etc. and then to find the angles in [0, 27]. If all the angles in both solutions 
are same, the solutions are equivalent. 


While manipulating the trigonometrical equation, avoid the danger of losing roots. Generally, some 
roots are lost by cancelling a common factor from the two sides of an equation. For example, suppose 


we have the equation tanx = 2 sinx. Here by dividing both sides by sinx, we get cosx = 5 . This is not 


equivalent to the original equation. Here the roots obtained by sinx = 0, are lost. Thus in place of 
dividing an equation by a common factor, the students are advised to take this factor out as a common 
factor from all terms of the equation. 


While equating one of the factors to zero, take care of the other factor that it should not become infinite. 
For example, if we have the equation sinx = 0, which can be written as cos x tan x = 0. Here we cannot 
put 

cosx = 0, since for cos x = 0, tanx = sinx/ cosx is infinite. 


Avoid squaring : When we square both sides of an equation, some extraneous roots appear. Hence it is 
necessary to check all the solutions found by substituting them in the given equation and omit the 
solutions not satisfying the given equation. 

For example : Consider the equation, 


sin0d+cos@=1o000 (1) 
Squaring we get 
1+sin20=1 or sin20=0 3... (2) 
i.e. 20 =n or 6 =nr/2, 
This gives 0 = 0, a {103 al eases 

2 2 


Verification shows that and > do not satisfy the equation as sin x + cosa =—1, #1 


and sin ST ieee Se , #1. 
2 2 
The reason for this is simple. 
The equation (2) is not equivalent to (1) and (2) contains two equations : sin 8 + cos 0 = 1 
and sin8 + cos 8 =— 1. Therefore we get extra solutions. 
Thus if squaring is must, verify each of the solution. 
Some necessary restrictions : 
If the equation involves tanx, secx, take cosx ~ 0. If cot x or cosec x appear, take sinx # 0. 
If log appear in the equation, i.e. log [f(6)] appear in the equation, use f(®) > 0 and base of log > 0, # 1. 


Also note that ./[f(6)] is always positive, for example Vsin?@ = |sin 6], not + sin 0. 


Verification : Student are advice to check whether all the roots obtained by them satisfy the equation 
and lie in the domain of the variable of the given equation. 


Trigonometric Inequalities : 


/\ 


To solve a trigonometric inequality, transform it into many basic trigonometric inequalities. The 
transformation process proceeds exactly the same as in solving trigonometric equations. The common 
period of a trigonometric inequality is the least common multiple of all periods of the trigonometric 
functions presented in the inequality. For example : the trigonometric inequality 

sinx + sin2x + cos x/2 < 1 has 4x as common period. Unless specified, the solution set of a 
trigonometric inequality must be solved, at least, within one whole common period. 
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Example : Find the solution set of inequality sinx > 1/2. 
Solution : When sinx = 1/2, the two values of x between 0 and 27 are n/6 and 5z/6. 


y = sinx 


From, the graph of y = sinx, it is obvious that, between 0 and 2z, sinx > 1/2 => 1/6 <x < 57/6. 
Hence sinx >1/2 => 2nz + 2/6 <x < 2nn+ 52/6, nel. 


The required solution set is U (2nn + 2/6, 2nz + 57/6) 
nel 


Self practice problems 
(35) Solve the following inequations 


(i) (sinx — 2) (2sinx—1) < 0 (ii) sinx + ¥3 cosx 2 1 


Ans. (i) x U[ z+ enn 


+ nn) (ii) xe U [- = 42nn, ant 5] 
nel 6 6 


nel 
Heights and distances : 


Angle of elevation and depression : 


Let OX be a horizontal line and P be a point which is above point O. If an observer (eye of observer) is 
at point O and an object is lying at point P then 7XOP is called angle of elevation as shown in figure. If 
an observer (eye of observer) is at point P and object is at point O then 7QPO is called angle of 


depression. 
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